It has been shown in experiments that self-climb of prismatic dislocation loops by pipe diffusion plays important roles in their dynamical behaviors, e.g., coarsening of prismatic loops upon annealing, as well as the physical and mechanical properties of materials with irradiation. In this paper, we show that this dislocation dynamics self-climb formulation that we derived in Ref.
Introduction
Prismatic dislocation loops are often formed by the precipitation and collapse of excess point-defects of vacancies or interstitials that are produced by quenching or by fast-particle irradiation [2, 3, 4, 5] . The Burgers vector of a prismatic dislocation loop has a component normal to its habit plane. Formation and evolution of these prismatic loops crucially influences the physical and mechanical properties of the materials.
It was observed in the early experiments [6] that circular prismatic dislocation loops are able to climb out their glide cylinders driven by repulsive interaction with edge dislocations with different Burgers vectors. The enclosed area of the such a climbing prismatic loop was found to be conserved as the loop moves, thus it is cannot be attributed to dislocation climb assisted by vacancy bulk diffusion which tends to make the dislocation loops shrink. This climb motion of prismatic loops was called conservative climb of dislocation loops and was explained in terms of pipe diffusion along the loops [6] . It has also been observed in early experiments that the number of prismatic dislocation loops in quenched materials decreases while the size of the loops increases upon annealing [7, 8] . These experimental results were explained later on based on the mechanism of motion and coalescence of dislocation loops by pipe diffusion, which is called the self-climb mechanism [9] . More details of the coalescence have been observed in the later experiments [10, 11, 12] .
Available quantitative theories in the literature of the self-climb of dislocation loops are all based on the dynamics of small circular loops whose shape do not change during the evolution, and the dynamics of each circular loop is driven by the interaction for between the loop and an external stress gradient following a linearly mobility relation [9, 6, 10, 11, 12, 13] . Parameters in these theories were obtained by comparisons with experimental results [9, 10, 11, 12] or atomistic simulations [12, 13] . Using models within this loop dynamics framework, self-climb assisted coalescence and coarsening of prismatic loops were simulated and the results of the former were compared with those of experiments [12] ; behavior of a selfinterstitial dislocation loop near an edge dislocation in BCC-Fe was studied [13, 14] ; spatial ordering of nano-dislocation loops in ion-irradiated materials was investigated by Langevin dynamics simulations of interacting dislocation loops [15] . A recent molecular dynamics simulations of nanoindentation showed that half prismatic edge dislocation loops annihilate via pipe diffusion of vacancies from the free surface [16] . Despite these research progresses on the understanding of dislocation self-climb mechanisms and related properties, a simulation model based on discrete dislocation dynamics (DDD) that gives the self-climb velocity at each point of the dislocations, as those available DDD simulation methods for vacancy bulk diffusion assisted climb, e.g. [17, 18, 19, 20, 21, 22, 23, 24, 25, 26] , is still lacking. Although a pipe-diffusion-based dislocation climb DDD model was proposed in Ref. [27] in which the climb velocity is proportional to the vacancy flux along the dislocation, their simulations showed that prismatic loops shrink, thus their model is not able to describe the conservative climb of prismatic loops observed in the experiments and atomistic simulations reviewed above, in which the area enclosed by a prismatic loop is conserved during the self-climb motion.
Recently, we have derived a dislocation climb model within the DDD framework [1] from a stochastic scheme on the atomistic scale, where both the vacancy bulk diffusion assisted climb and the self-climb assisted by pipe diffusion are considered and the total climb velocity is given at any point on the dislocations. Preliminary examination showed that the derived self-climb velocity formula is able to maintain the area enclosed by a prismatic loop as it moves by self-climb. It has also been shown that this self-climb formulation is able to quantitatively explain the half prismatic edge dislocation loops annihilation with free surface via pipe diffusion of vacancies [16] .
In this paper, we show that our self-climb formulation derived in Ref. [1] is able to quantitatively describe the properties of self-climb of prismatic loops that were observed in experiments and atomistic simulations. For small circular prismatic loops, our formulation is able to recover the available models in the literature based on linearly mobility relation driven by the interaction force between the loops and an external stress gradient. We also present DDD implementation method of this self-climb formulation. DDD Simulations are performed for the motion and interaction of prismatic loops and interaction between an edge 3 dislocation and prismatic loops. Especially, our simulations show prismatic loops driven by an edge dislocation and coalescence of prismatic loops by the self-climb motion, which is in excellent agreement with the experimental observations [6] (prismatic loops driven by an edge dislocation) and [7, 8, 9] (coalescence of prismatic loops). We have also performed systematic analyses of the behaviors of a prismatic loop under the elastic interaction with an infinite, straight edge dislocation by motions of self-climb and glide (including both rotation and rigid motions by glide) of the prismatic loop. This paper is organized as follows. In Sec. 2, we review our self-climb formulation derived in Ref. [1] and discuss its physical implication. In Sec. 3, we present a numerical implementation method of the self-climb formulation. In Sec. 4, we study the properties of self-climb of prismatic loops based on this formulation, including properties of conservation of enclosed area, equilibrium shape, and translation velocity with stress gradient, etc. In Sec. 5, we perform DDD simulations of the self-climb of dislocations and compare the results with experimental observations and atomistic simulations. In Sec. 6, we perform systematic analyses of the behaviors of a prismatic loop under the elastic interaction with an infinite, straight edge dislocation by motions of self-climb and glide.
Dislocation self-climb in DDD simulations
In this section, we briefly review the dislocation climb formulation that we derived in Ref. [1] from atomistic schemes and discuss its physical implication. In this formulation, the dislocation climb velocity consists of contributions from both the climb due to vacancy diffusion in the bulk and the climb due to vacancy pipe diffusion along the dislocations, i.e. cl are the dislocation climb velocities due to vacancy bulk diffusion and pipe diffusion, respectively. Dislocation climb due to vacancy pipe diffusion is also referred to as the self-climb in the literature, and accordingly, v (p) cl is also called the self-climb velocity. The DDD study on dislocation climb in the literature was mainly focused on the climb due to vacancy bulk diffusion as briefly reviewed in the introduction, whose contribution to the 4 total dislocation climb velocity is v (b) cl . In this paper, we focus on the DDD implementation of the dislocation self-climb velocity v (p) cl and the related properties. The DDD self-climb velocity derived in Ref. [1] is
where s is the arclength parameter along the dislocation, b is the length of the Burgers vector of the dislocation, c 0 is the reference equilibrium vacancy concentration on the dislocation without climb force, D c is the vacancy pipe diffusion constant, k B is Boltzmann constant,
T is the temperature, Ω is the atomic volume, and f cl is the climb component of the PeachKoehler force on the dislocation, which is given by
Here f PK is the Peach-Koehler force calculated by
, b is the Burgers vector of the dislocation, σ is the stress tensor, ξ is the dislocation line direction, and l cl is the climb direction defined as l cl = ξ × b/|b|. Accordingly, we have
Using these equations, we can calculate that
Note that in Eq. (2.2), the reference equilibrium vacancy concentration on the dislocation c 0 and the vacancy pipe diffusion constant D c may depend on the dislocation character.
As in the climb assisted by vacancy bulk diffusion (e.g. [2, 21, 22, 23, 24, 26] ), when
, and the self-climb velocity in Eq. (2.2) can be simplified
If there is no applied stress and under the line tension approximation of the force on a dislocation loop, Eq. (2.6) becomes v (ii) The vacancy pipe diffusion is much faster than the vacancy bulk diffusion and the vacancy exchange between the dislocation core and the bulk. Here we briefly review the derivation of the self-climb DDD model in Eq. jog can be calculated, leading to the self-climb velocity in Eq. (2.2) after upscaling. See Ref. [1] for detailed derivation, which also accounts for dislocation climb assisted by vacancy bulk diffusion in the coarse graining from jog dynamics model to the DDD formulation.
Numerical implementation of the self-climb formulation
In this section, we present a numerical implementation method of the formulation of the self-climb velocity given in Eq. (2.2) (or (2.6)) in DDD simulations. Recall that in DDD simulation methods, e.g. [28, 29, 30, 17, 31, 32, 33, 20, 21, 22, 34, 26] , dislocations are commonly discretized into small segments (straight or curved) by nodes on them, as illustrated in Fig. 2 . During the simulations, the location of each node is commonly updated by the scheme
from time t n to t n+1 , where P (n) i and P
are the locations of the point P i at time t n and t n+1 , respectively, and ∆t n = t n+1 − t n is the time step. The velocity v may be the glide velocity v g or the climb velocity v
cl , or a combination of them. The glide velocity is commonly calculated by a mobility law v g = M g · f g , where M g is the glide mobility tensor and f g is the glide Peach-Koehler force. The climb velocity due to vacancy bulk diffusion
cl at all the nodal points can be obtained accurately by solving a linear system associated with the climb force f cl as described in Ref. [26] , or other approximation methods in the literature. The long-range Peach-Koehler force, including both the glide component f g and the climb component f cl , can be calculated by contributions from all dislocation segments by either direct summation or more efficient methods, e.g. the fast multipole method, as described in the above references. To numerically implement the dislocation self-climb formulated in Eq. (2.2), we use the following finite difference scheme along the dislocations:
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for Eq. (2.6)), and ∆s i = |P i+1 − P i | is the length of the segment between the nodes P i and P i+1 .
Properties of self-climb of prismatic loops
At low temperatures, it has been observed in experiments [6, 2] that prismatic dislocation loops can translate under a stress gradient, see an illustration in Fig. 3(a) . In this case, vacancy bulk diffusion is negligible, and the dislocations climb is entirely due to the selfclimb via vacancy pipe diffusion. The area enclosed by a prismatic loop is observed to be conserved during the translation process, thus this translation by self-climb is also referred to as conservative climb of prismatic loops. It has been shown in Ref. [1] that the formulation in Eq. (2.2) is able to successfully predict the conservation of the enclosed area of a prismatic loop during the self-climb process. In this section, we systematically study the properties of self-climb (conservative climb) of prismatic loops based on this formulation. 
Conservation of the enclosed area
We first review the property shown in Ref. [1] that following the formulation of dislocation self-climb given by Eq. (2.2), the area enclosed by a prismatic loop is conserved.
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Consider a prismatic dislocation loop γ moving with the self-climb velocity in Eq. (2.2), the rate of change of the area S enclosed by the loop is
This shows that using our formulation, the area S that is enclosed by the loop is unchanged during the self-climb motion, which agrees with the experimental observations [6, 2] for the motion of small prismatic loops by self-climb. In fact, by our self-climb formulation, the area enclosed by a prismatic loop is always conserved by the self-climb motion, for any size and shape of the loop, although the shape of the loop may change.
Note that the self-climb velocity v
cl is in the normal direction of the prismatic loop. For a vacancy loop, v
cl is in the outer normal direction, and an interstitial loop, inner normal direction. For an interstitial loop, there will be a negative sign before v along the loop. This shows that the equilibrium shape of a prismatic loop under self-climb is a circle when only the self-stress of the loop is considered. The equilibrium shape of a prismatic loop under self-climb is still a circle with constant stress field in addition to its self-stress.
We will further discuss properties of circular prismatic loops by self-climb motion in the following subsections. Note that the actual shape of a dislocation loop during the self-climb motion depends on the nature of the total stress field.
Circular loop preserving
In this subsection, we show that a circular prismatic loop will remain circular by selfclimb under constant stress gradient, using the velocity formulation in Eq. (2.2).
Consider a prismatic loop γ in the xy plane. Without loss of generality, we assume that the Burgers vector of the loop in the +z direction and the loop is in the counterclockwise direction, i.e., the loop is a vacancy loop. The calculations are the same for a interstitial loop except that the climb direction changes to its opposite. The loop γ can be parametrized
where (x, y) is a point on the loop and (r, θ) is its polar coordinate, and 0 ≤ θ ≤ 2π serves as a parameter of the loop, see Fig. 3(b) . By Eq. (2.4), the self-climb velocity v
cl (θ, t) is along normal direction of the loop and is positive in the outer normal direction. Assume at the initial time t = t 0 , the loop is circular:
The curvature at any point on this circular loop is κ(θ, t 0 ) = 1/R.
After the loop evolves under the self-climb velocity v
cl to the time t 0 + ∆t, where ∆t is small, it becomes (4.5) and the curvature at any point on the loop can be calculated as
The rate of change of the curvature is
The curvature is preserved when
This is equivalent to
for constants A v and B v independent of θ.
Using the self-climb velocity in Eq. (2.2), after integration twice, the above circular loop preserving conditions becomes e
, the circular loop preserving condition becomes Note that when the stress gradient varies slowly, it can be locally considered as constant, thus a small circular prismatic loop will always translate rigidly with circular shape preserved. This explains the classical experimental observations [6, 2] .
Translation velocity
In this subsection, we calculate the average translation velocity of a prismatic loop by self-climb under stress gradient.
Consider a prismatic loop γ, and the region enclosed by this loop is denoted by D, see Fig. 3(b) for an example. As in the previous subsection, without loss of generality, we assume that the Burgers vector of the loop is in the +z direction and the loop is in the counterclockwise direction. The average velocity of γ can be calculated by the velocity of the mass center of the region D enclosed by it, which is
where dS is the area element.
As already shown in Sec. 4.1, the area of the region enclosed by γ, or D dS, remains the same during the translation of γ, further using the transport theorem [35] , we havē
cl ds , (4.14)
where the local self-climb velocity v The available theories in the literature for the self-climb of prismatic loops [9, 10, 11, 12, 13] are all based on the assumption of rigid translation of a circular prismatic loop, and their translation velocities are expressed in terms of the driving force and mobility of the entire loop. For example, the translation velocity of a circular prismatic loop with radius R is
πk B T R 3 ∇E in Ref. [12] , where a is the lattice constant, ν is an attempt frequency, E sc is a characteristic activation energy for the self-climb, and E is the interaction energy between the prismatic loop and the stress field (excluding the self-stress of the loop). Now we include a comparison of our formulation with those available theories [36] . In fact, the interaction energy E can be calculated as E = D bσ 33 dS [2] . Using the parameterization of the circular loop given above, we can calculate that ∇E = πR 2 b∇σ 33 when ∇σ 33 is a constant vector. The translation velocity in Eq. (4.16) can then be written as 17) which is in excellent agreement with the available theories.
The prefactor c 0 e Our discussion above also shows that the linear relationship between the translation velocity and the energy gradient ∇E widely adopted in the literature only holds when the stress gradient is small or the radius of the loop is small, otherwise, the more accurate translation velocity formula in Eq. (4.15) should be used. When the prismatic loop is not circular, its pointwise self-climb velocity can be calculated by Eq. (2.6) or (2.2).
DDD Simulations
In this section, we perform DDD simulations of the self-climb of dislocations and compare the results with experimental observations and atomistic simulations. The numerical scheme is given in Eq. 
Conservation of enclosed area
We have shown in Ref. [1] and reviewed in Sec. 4.1 that following the formulation of dislocation self-climb given by Eq. (2.2) or (2.6), the area enclosed by a prismatic loop is conserved. Here we present a numerical examination. We start from a prismatic loop in the xy plane with ellipse shape, whose two axes are l 1 = 80b and l 2 = 40b. The loop is in the counterclockwise direction, which means a vacancy loop. As shown in Fig. 4 , the loop evolves to a circle which is stable with further evolution.
The radius of the stable circular loop measured from the simulation result is R = 56.1b.
The theoretical value of radius of the circle loop under conservation of the enclosed area is R = √ l 1 l 2 = 56.6b. Excellent agreement can be seen from the numerical simulation and theoretical prediction that the area enclosed by a prismatic loop is conserved during the selfclimb motion and the loop converges to the equilibrium shape of a circle under its self-stress.
These results also explain the early experimental observations of the self-climb behaviors of prismatic loops, termed as conservative climb in some references [2, 6] .
Translation of a circular prismatic loop under constant stress gradient
In this subsection, we present a simulation of translation of a circular prismatic dislocation loop under constant stress gradient. The initial circular prismatic loop is located in the xy plane and is in the counterclockwise direction, i.e., it is a vacancy loop. The radius of the loop is R = 100b. The applied stress field is σ Neglecting this factor will lead to an error about 92% in the translation velocity obtained directly using Eq. (2.2) by simulation.
Coalescence of prismatic loops by self-climb
In this subsection, we use our DDD self-climb formulation to simulate the detailed process of the coalescence of prismatic loops by self-climb that has been observed in experiments [7, 8, 9, 10, 11, 12] .
Consider two circular interstitial loops in the xy plane, which are in the clockwise direction. The two loop have radii of R 1 = 300b and R 2 = 150b, respectively, and are separated (from center to center) by 550b as shown in Fig. 6(a) . The detailed coalescence process obtained by our simulation is shown in Fig. 6 . The two loops are attracted to each other by self-climb under the elastic interaction between them, see Fig. 6(b) . The smaller loop moves faster, which is consistent with the approximate formula in Eq. (4.16) and the theories in the literature [9, 10, 11, 12, 13] for rigid translation of the loops. However, the two loops deviate from the circular shape when they are getting closed to each other. When the two loops meet, they quickly combine into a single loop, as shown in Fig. 6(c) . The combined single loop eventually evolves into a stable, circular shape, see The DDD simulation results using our formulation in Eq. (2.2) are shown in Fig. 7 . In each simulation, as the edge dislocation glides towards the prismatic loop under the applied stress, the prismatic loop is pushed by self-climb due to the stress field generated by the edge dislocation. These simulations agree excellently with the experimental observation by Kroupa and Prince [6] . Note that during the evolution, the self-climb motion of the prismatic loop is not a rigid translation; its shape changes as it evolves. As the prismatic loop translates, it also rotates by glide due to the applied stress and the stress field generated 
Interaction between a prismatic loop and an edge dislocation
In this section, we perform analyses to systematically understand the behaviors of a prismatic loop under the elastic interaction with an infinite, straight edge dislocation by the motion of self-climb and glide. These analyses also help to understand the translation of a prismatic loop by self-climb driven by a moving edge dislocation presented in Sec. 5.4.
We assume that an infinite straight edge dislocation is located on the x axis with Burgers vector (0, b 2 , 0) and is in the +x direction. We examine the behaviors of a small circular prismatic dislocation loop with Burgers vector (0, 0, b 1 ) under the stress field of the edge dislocation. The prismatic loop is in the counterclockwise direction and its radius is R. See 
where σ σ σ is the stress generated by the edge dislocation, σ 33 = µb 2 2π(1−ν) z(y 2 −z 2 ) (y 2 +z 2 ) 2 , and the value of its gradient is evaluated at the center of the prismatic loop. The glide force on the prismatic loop due to the stress field generated by the edge dislocation is 2) where the unit tangent vector at a point on the prismatic loop is ξ = (ξ 1 , ξ 2 , 0). The average glide force on the small prismatic loop is approximatelȳ y with y < 0. In all glide stable locations, the self-climb velocity is nonzero and is towards the z axis. This make the loop go toward the edge dislocation by a zigzag motion along these glide stable rays under both the glide and self-climb motions, similar to the discussion above in the fast self-climb case. Again, there is no stable location of the prismatic loop under both motions of self-climb and glide in this regime of fast glie.
The prismatic loop can also rotate by glide along its slip cylinder under the stress field of the edge dislocation and the rotation will be hindered by its self-force [42, 43] . Fig. 8(b) also shows the rotation direction of the small prismatic loop. The glide force for rotation vanishes when z = ±y and y = 0.
Now we understand the translation of a prismatic loop by self-climb driven by a moving edge dislocation presented in Sec. 5.4. Initially, the center of the prismatic loop is located at y = z = −50b. As can be see from Fig. 8(b) , at this location, the loop is pushed away by the stress field of the edge dislocation by self-climb motion; this also makes the loop enter the region y < z < 0, where the rotation of the loop is in such a way that its far end goes up and the near end goes down. The average glide velocity of the loop is upward as shown in Fig. 8(b) . These properties perfectly explain the simulation results of the prismatic loop as an edge dislocation is driven towards the loop presented in Sec. 5.4. 
Conclusions and Discussion
In this paper, we have shown that our self-climb DDD formulation in Eq. (2.2) (or (2.6))
is able to quantitatively describe the properties of self-climb of prismatic loops that were observed in experiments and atomistic simulations. This dislocation dynamics formulation applies to self-climb by pipe diffusion for any configurations of dislocations. In particular,
with our formulation, we show the following properties of self-climb of prismatic loops. The area enclosed by a prismatic loop is conserved during the self-climb motion; the equilibrium shape of a prismatic loop with the self-climb motion under its self stress is a circle; and the circular shape is preserved in the self-climb motion under a constant stress gradient field.
Using our DDD self-climb model, we have also obtained a velocity formula for translation of a circular prismatic loop by self-climb under constant stress gradient. Under the conditions that the stress gradient is small or the radius of the prismatic loop is small, our translation velocity formula recovers the available theories in the literature for the self-climb models based on rigid translation of a circular prismatic loop [9, 10, 11, 12, 13] . Our formulation provides a DDD justification of these rigid translation models in the above regimes; otherwise in a general case, our pointwise DDD self-climb formulation should be used. The parameters in our self-climb DDD formulation can be estimated by comparisons with experimental results [9, 10, 11, 12] or atomistic simulations [12, 13] .
We have also presented a DDD implementation method for this self-climb formulation.
Simulations performed show evolution, translation and coalescence of prismatic loops as well as the translation of prismatic loops by self-climb driven by a moving edge dislocation. These results are in excellent agreement with available experimental observations on translation of prismatic loops by self-climb driven by a moving edge dislocation [6] and coalescence of prismatic loops [7, 8, 9, 10, 11, 12] . Our DDD simulations have also validated the properties and analytical formulas of the self-climb motion obtained in this paper and summarized above. We have also performed analyses to systematically understand the behaviors of a prismatic loop under the elastic interaction with an infinite, straight edge dislocation by motions of self-climb and glide (including both rotation and rigid motions by glide) of the prismatic loop.
